ABSTRACT. We determine explicitly the quadratic subfield of a noncyclotomic Z2-extension of an imaginary quadratic number field and get a congruence property of the integer solution of a certain indeterminate equation.
Introduction.
Let F be an imaginary quadratic number field and Z2 the additive group of 2-adic rational integers. An infinite normal extension of F with Galois group isomorphic to Z2 is called a ¿^-extension of F. It is known that F has two independent ¿^-extensions [8] . One is F C F(\/2) c F(\/2 + y/2) C • • •, which is called a cyclotomic ^-extension.
Carrol and Kisilevsky [3, 4] have shown that the quadratic subfield of a noncyclotomic ^-extension of F is related closely to the 2-primary subgroup Gf(2) of the ideal class group of F. On the other hand, the structure of G^(2) has already been investigated in detail by Hasse [5] [6] [7] , Bauer [1, 2] and others.
Let Q be the field of rational numbers. In this note we shall treat the case where F -Q(\/-p)i P an °dd prime number, for which Cf(2) is cyclic. We shall determine explicitly the quadratic subfield of a noncyclotomic ¿^-extension of F (Theorems 1 and 3), and show that this problem is also related to a congruence property modulo 8 of the integer solution of a certain indeterminate equation (Theorem 2).
Preliminaries.
Let F = Q(y/-p) be as in the Introduction. As is well known, GF(2) ¿ 1 if and only if p = 1 (mod4), and |GF(2)| > 22 if and only if p = 1 (mod 8) [5] . The following was shown or can be easily proved by [3, 4] :
subfields of a Z2-extension of F, where E is the fundamental unit of Q(^/p); if p = 3 (mod) and p -a2 + 2b2, then F(\f^2) C F(\/2b -as/^2) are subfields of a Z2-extension of F; and if p = 7 (mod8) andp = -a2 + 2b2, then F(y/a -v/=p) is a subfield of a Z2-extension of F.
In what follows, we assume that p = 1 (mod 8) and p = -a2 + 2b2 with a = Now, let L be the maximal abelian 2-ramified (i.e., unramified at all primes different from 3) 2-extension of F with Galois group G. Then L contains the composite K of all ^-extensions of F and G = Z2x Z2xT, where T is the torsion subgroup of G corresponding to K. Let A denote the subgroup of all elements a of F* -F -{0} which are divisible by each prime different from 3 to an even power. Then, in our case, A is generated by -1,2, a -y-P, and F*2 [3] . For any a e A, F(\/cê) is 2-ramified, i.e., F(s/a) C L, and further F(yfa) is contained in K if and only if it is fixed by T.
Let U and J be the unit group and the idele group of F, respectively. For a prime p of F, let Up denote the unit group of the completion Fp of F of p.
Put j'2) = {1}3 x rip^. Uv, a subgroup of J. For an abelian group X, let X (2) denote the 2-primary torsion subgroup of X. By class field theory, T is identified with (J/J^F*) (2) .
Then the canonical mapping J/F* -► Cf induces an exact sequence
where 7Í = (UJU) (2) . T/T2 is considered as a subgroup of G/G2 and G/G2 is identified with J/J^F*J2.
F(y/â), a e A, is contained in 7Í if and only if
where ( , )p is the Hilbert 2-symbol in Fp.
Carroll [3] calculated (a, (xp)) for a e A, (xp) e T in the case where |T2| < 2. Now, denote by (... ,xVi,... )
Pi an idele of F having xPt at pj-components and 1 elsewhere. In our case T is cyclic and H is its subgroup of order 2 [3] . We here note that F¡ -Q2(\f-Ï), Q2 being the field of 2-adic rational integers. It is seen that H is generated by (v^I,...)-
As stated above, A/F*2 is generated by -1,2, and a ->J^p. F(\f2) is contained in the cyclotomic ^-extension of F. We assume that yf^p = ■s/-í (moda4) and so y/p = 1 (mod4) in Q2. We now calculate (-l,£n) and (a -%/-p, zo). For a rational prime q, ( , )q denotes the Hilbert 2-symbol at the field of (j-adic rational numbers.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use Let c = ni^'*6'' and d = n/'^'(9,i), where the ' (resP-") indicates that / runs through rational primes dividing (a -i/^)(r -s\/~P) (resP-(a -V-p)(r + s\/-p)) and /U'(T' means the exact power of / dividing x. Bauer [1] showed that there exists a primitive ideal b2 of F such that biBT2 = ((cg2/d2)(r -aj=p)), Nb2 = cgt/d2.
Put b2 = cgt/d2. The class of b2 is in CF if and only if b2 = 1 (mod4). We here note that c = (r 4-as, b') and d-(r -as, g, t). Each prime q2\t splits in F: (q2) = q^. We assume that c\2\r + s^f^p and hence 12|t>it>2-Note that for a prime q\\b, if qi\b2 and q\ \ t, then qi|b2-It is easy to see that r and s are of mixed parity (i.e., one odd and one even) and that 4|rs if and only ifp = 2a-1 (mod 32). we may assume that p2 is prime to 3. There exists M e F such that M(p2,---, b\ ,..., b2 ,...) = (VpT,..., 61 ,--.) (mody(2)). We normalize p2 as follows:
v/zî(mod35), r = 0(mod2). and g > 0. Tafce rational integers r,s,t such that r2 + ps2 = b't2, (r,s,t) = 1, r + s = (r+as, b') (mod 4), t > 0, and define b2,p,x as above. Ifb2 = \ (mod4) and X = (_i)p/i6+i; then F(y/-Ï) is a subfield of a Z2-extension ofFandd>(T)^CF(2)\ and ifb2 = -1 (mod4), then F(y/a -y/^p) or F(y/-a -\/-p) is a subfield of a Z2-extension of F according as x = (-l)p/16 or (-1)>>/16+1, and <f>(T) = GF (2) . In these cases, T = (z2).
In the case where 62 = 1 (mod 4) and x = (-1)P/'16, T has a proper subgroup (z2) and we can also determine the quadratic subfield of a noncyclotomic ¿^-extension of F after a finite number of procedures similar to the above, since Cf(2) is a finite group.
